The fractional quantum Hall (FQH) effect at the filling number ν = 5/2 is a primary candidate for nonAbelian topological order, while the fate of such a state in the presence of random disorder has not been resolved. Here, we address this open question by implementing unbiased diagnosis based on numerical exact diagonalization. We calculate the disorder averaged Hall conductance and the associated statistical distribution of the topological invariant Chern number, which unambiguously characterize the disorder-driven collapse of the FQH state. As the disorder strength increases towards a critical value, a continuous phase transition is detected based on the disorder configuration averaged wave function fidelity and the entanglement entropy. In the strong disorder regime, we identify a composite Fermi liquid (CFL) phase with fluctuating Chern numbers, in striking contrast to the well-known ν = 1/3 case where an Anderson insulator appears. Interestingly, the lowest Landau level projected local density profile, the wavefunction overlap, and the entanglement entropy as a function of disorder strength simultaneously signal an intermediate phase, which may be relevant to the recent proposal of Pfaffian-anti-Pfaffian puddle state. [4] [5] [6] . In particular, the non-Abelian quasiparticles following non-commutative exchange rules, are expected to form the building-block for topological quantum computation [7, 8] , thus is of crucial importance. So far, the even-denominator FQH system at the filling factor ν = 5/2 is the most promising candidate for experimental realizations of non-Abelian states [9] [10] [11] [12] [13] [14] [15] [16] [17] . While this ν = 5/2 state was first experimentally identified thirty years ago [9] , its exact nature remains under intense theoretical debate. Among different candidates, the non-Abelian Pfaffian state [4] as a fully polarized p x − ip y paired state of composite fermions [18] , was numerically established as a viable possibility [19] [20] [21] [22] [23] [24] [25] [26] . The Pfaffian state breaks particle-hole (PH) symmetry and has a partner state known as the anti-Pfaffian state [27, 28] which is also a valid candidate. In the presence of an exact PH symmetry, for example by projecting into the first excited Landau level, the Pfaffian and anti-Pfaffian are exactly degenerate, thus the emergence of one over the other is determined by the PH symmetry breaking, e.g., through Landau level mixing [29] [30] [31] [32] . In addition, motivated by the PHsymmetric composite Fermi-liquid (CFL) at half-filled lowest Landau level [33] , a non-Abelian PH symmetric Pfaffian (PHPfaffian) state has been proposed as a competing candidate very recently [34] [35] [36] . Remarkably, these different topological states with different edge excitations can be probed in the thermal Hall measurements. The thermal Hall conductance of the ν = 5/2 state is found to be κ xy ≈ 5/2 (in units of
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where h is the Planck constant and k B the Boltzmann constant) [37] , which points to the edge structure of PH-Pfaffian rather than Pfaffian or anti-Pfaffian.
The experimental signal of PH-Pfaffian is intriguing and challenge for theoretical understanding. So far, existing numerical works [19] [20] [21] [22] [30] [31] [32] do not support PH-Pfaffian state in microscopic models with dominant Coulomb interactions. One possible reason is that the PH-Pfaffian model wavefunction fails to represent a gapped and incompressible phase [38] [39] [40] . Alternatively, the observed κ xy = 5/2 can be plausibly explained by disorder-induced mesoscopic puddles made of Pfaffian and anti-Pfaffian states [34, 41] . Compared to pure systems, there are limited studies of the role of random disorder on the 5/2 state, which immediately raises some critical questions [42] [43] [44] : Is PH-Pfaffian state or any other topological phase energetically favorable in a disordered FQH system? In light of the numerical supports of the Pfaffian (or antiPfaffian) in disorder-free systems, another important question is: what is the fate of the 5/2 FQH state in the presence of disorder? Generally, when the disorder strength becomes comparable to the strength of interactions between electrons, the FQH state will eventually be destroyed. A characterization of such disorder driven transitions is highly desired to compare with experimental observations. To date, related studies of the disorder FQH systems have only been done at ν = 1/3, where it has been identified a disorder-driven transition from the Laughlin state to an Anderson insulator [45] [46] [47] . It remains unclear to what extent the above picture will change at ν = 5/2.
In this paper, we investigate the disorder-driven transition for half-filled first excited Landau level, based on which, we illustrate a global phase diagram for such a non-Abelian system in the presence of random disorder. First of all, we show that the distribution of Hall conductances and the associated topological invariant Chern number can be used to distinguish different quantum phases. We identify a disorder-driven critical point separating the FQH state carrying a unique quantized Chern number, from a CFL that is characterized by a distribution of fluctuating Chern numbers for different disorder configurations. This is in sharp contrast to the ν = 1/3 FQH state, where the Laughlin state undergoes a transition to an Anderson insulator [45, 46] with vanishing Chern number at strong disorder side. This phase transition is also signaled by the variance of wave function fidelity and the disorder configuration averaged entanglement entropy, both of which support the same critical point for the collapsing of the FQH effect by strong disorder. In addition, we address the possibility of an intermediate phase in moderate disorder strength, potentially relevant to the disorder induced PH-Pfaffian state. Our work not only identifies a novel quantum phase transition between the FQH state and a CFL, but also provides strong evidences to support the theoretical conjecture of disorderstabilized FQH phase based on numerical simulations of microscopic model for FQH systems [34, 41] .
Model and Method.-We consider N e electrons moving on a torus under a perpendicular magnetic field. The torus is spanned by L 1 = L 1 e x and L 2 = L 2 e y , where e x and e y are Cartesian unit vectors, and L 1 and L 2 are lengths of the two fundamental cycles of the torus. Required by the magnetic translational invariance, the number of fluxes penetrating a torus is equal to the number of orbitals in one Landau level
2 ) (ℓ is the magnetic length). The total filling fraction is then defined as ν = ν 0 +N e /N s (ν 0 = 2 for 5/2 FQH systems due to the fully occupied lowest Landau level). When the magnetic field is strong, we can assume that electrons in the partially-filled Landau level are spin-polarized and their dynamics is restricted to the orbitals in the first excited Landau level. The many-body Hamiltonian can be projected into the first excited Landau level aŝ
where a † m (a m ) is the creation (annihilation) operator of an electron in the orbital m. By choosing Landau gauge, the momentum conserved interaction terms can be expressed as
where V (q) = 1 |q| represents the Coulomb interaction and
where U (q) = dre iq·r U (r) mimics the random disorder. To study the effects of correlated potential, we use the Gaussian correlated random potential U (q)U (q
2 , where ξ is the correlation length.
We obtain the ground state {|Φ k } ofĤ using exact diagonalization (ED) algorithm. Due to the lack of translational symmetry in the presence of disorder, the system sizes accessible by ED are limited to N e ≤ 12 by the current computational capability. In our extensive tests, N e ≤ 8 systems suffer from very strong finite size effect, so we will focus on the N e = 10, 12 below. We averaged up to 2000 and 500 samples for N e = 10 and N e = 12, respectively, which gives quantitatively reliable results.
Statistics of Chern number.-Identifying topological invariant is crucial for characterizing the underlying physics of topological ordered states. Conventionally, FQH states are characterized by the Hall conductance and the associated Chern number [48] [49] [50] , which determines the intrinsic topology of wave function [51] and the corresponding gapless edge excitations at a system boundary [52] . In the presence of disorder, the Hall conductance also offers an unambiguous criterion to distinguish the insulating state from quantum Hall states in an interacting system [45, 46, 53] . To be specific, under twisted boundary condition the wavefunction becomes
and the boundary phase averaged Hall conductance is σ H (k) = C k e 2 /h, where C k for the state is defined as [45] 
Here, the closed path integral is carried out along the boundary Γ of the boundary parameter space (the magnetic Brillouin zone) 0 ≤ θ 1 , θ 2 ≤ 2π. C k is equivalent to the Berry phase (in units of 2π) accumulated when the boundary conditions evolve along the closed path Γ. Let us start by discussing the salient features of the Chern number statistics for different disorder strength. We tune the aspect ratio L 1 /L 2 to find energy spectrum with six fold near degeneracy separated from other excited states, which characterizes the particle-hole symmetrized Pfaffian state [20] . Taking into account that the lowest six states should become degenerate in the thermodynamic limit, we introduce probability P (C) of the total Chern number distribution, which describes the probability that total Chern number of the lowest N g = 6 near degenerating states is C in our sampled configurations. For a weak disorder strength ( Fig. 1(a) ), P (C) takes unity for C = 3 and zero for C = 3 (i.e., the lowest six states have C = 3 for all the disorder configurations), thus that each nearly degenerated ground state carries a Hall conductance of σ H = e 2 /2h, which manifests the ν = 5/2 FQH state on a torus.
In strong disorder regime, disorder tends to change the Chern number of each state, and redistributes the probabilities of different Chern numbers. As shown in Fig. 1(a) , when W > 0.1, P (C) becomes nonzero for C = 3, with nearly equal probabilities for Chern numbers larger or smaller than 3 to appear in different disorder configurations. For example, at W = 0.1, P (C = 3) is reduced to 0.95 while P (C = 2) ≈ 0.025. Upon increasing disorder strength, P (C = 3) monotonically decreases and the distribution of P (C) becomes broader. The coexistence of different Chern numbers characterizes the delocalization of quasiparticle excitations. In particular, even though P (C) has a broad distribution instead of a single nonzero value, we identify the averaged Chern number remains approximately quantized to C ≈ 3, for example, C ≈ 2.98 at W = 0.24 (see Fig.  1(a) ). This observation demonstrates each ground state still carries nonzero averaged Hall conductance in strong disorder regime, which is consistent with a CFL rather than an Anderson insulator. [69] A plausible understanding comes from the fact that, various FQH ν = 5/2 states such as Pfaffian and anti-Pfaffian, can be interpreted as pairing states built on a half-filled CFL [33, 54] with different underlying pairing symmetries [18] . While the transition follows the destruction of the pairing mechanism by disorder, disorder cannot localize composite fermions at half filling, since the backscattering and localization are suppressed due to the intrinsic π−Berry phase [55] [56] [57] [58, 59] . As a comparison, in the case of ν = 1/3 FQH, strong disorder destroys the quantization of the Chern number and leads to C ≈ 0, which suggests a topologically trivial Anderson insulator in disorder dominating regime [45, 46] . Notice that in both cases the Landau level mixing effect is not considered, which may eventually destroy the CFL phase when the disorder strength exceeds the gap between different Landau levels.
To quantify the evolution of Chern number statistics with respect to disorder strength, we demonstrate the fluctuation of the Hall conductance δσ 2 H as a function of disorder strength W in Fig. 1(b-c) . In the weak disorder regime, we observe that Hall conductance carried by each ground state is always quantized to σ H = e 2 /2h and its fluctuation is vanishing small δσ Fig. 1(b-c) . The above picture holds for all correlation length ξ and system sizes we tested.
Entanglement Entropy.-Topological phases are characterized by the long-range quantum entanglement patterns [61] [62] [63] . As a novel application, it is found that the entanglement entropy is sensitive to the quantum criticality, in both clean systems [64, 65] and disordered Abelian FQH systems [47, 66] . Fig. 2 shows the evolution of entropy by increasing disorder strength at ν = 5/2. [70] We find that the entropy S monotonically decreases with the increase of W . Importantly, a kink develops near the critical strength W c (indicated by arrows in Fig. 2(a) ), where the slope of entropy shows discontinuity (Fig. 2(b) ). This sudden change of ∂S/∂W shows a consistent signature of the expected quantum phase transition. Moreover, we also identify a trend of the increasing of the critical W c for larger value of ξ. Importantly, the entanglement measurements give consistent identifications of the quantum critical point W c , compared to that identified by Chern number statistics (Fig. 1) .
Implications for an intermediate phase.
-The evolution of Hall conductance and its fluctuation unambiguously pin down the phase transition between the 5/2 FQH state and CFL state. However, it is incapable to distinguish the precise nature of different FQH states, because all candidates, including Pfaffian, anti-Pfaffian or PH-Pfaffian state, carry the same Hall conductance. Next we further explore the phase transition at the wave function level. First, we define the wave function overlap matrix: O ij = Φ i (W )|Φ Pf j (W = 0) , between the lowest six states for disordered system with the Pfaffian states, and the total overlap O (fidelity) as the summation of eigenvalues of the overlap matrix, where .. indicates the average over the disorder configurations. In Fig. 3(inset) , we show that the wave function fidelity monotonically decreases with the increase of the disorder, which does not show a clear signature of the possible quantum phase transition between different FQH states. However, we notice that the fluctuation of wave function fidelity (δO)
2 is sensitive to the phase transition. This is because in the pure system, the wavefunc-tion is characterized by Pfaffian (anti-Pfaffian) wavefuction, which is a product of Laughlin state for bosonic ν = 1/2 and a p x ± ip y wavefunction for composite Fermions. Physically, the fluctuation of wave function fidelity δO 2 can detect the phase fluctuations of wavefunction deviating from the p x ±ip y form. As shown in Fig. 3 , the quantity δO 2 demonstrates a peak structure around the critical point W c . δO 2 reaches a maximum value indicating that the probability distribution of the wave function overlap has largest fluctuations, indicating critical behavior near the phase transition point. Interestingly, in addition to the peak around W c , we identify a sudden jump in δO 2 at W * before the FQH to CFL transition with W * < W c . This sudden jump takes place at finite W * = 0 for correlated disorder ξ = 0 (Fig. 3(b-c) ), while at a vanishing small value W * ≈ 0 for uncorrelated disorder ξ = 0 (Fig. 3(a) ). This observation signals an intermediate phase stabilized by correlated disorder.
To inspect the effect of disorder in real space, we show the projected electron density ρ(r) in Fig. 4 , which is the equivalent electron density describing the spatial distribution of the guiding center [20, 67, 68] . The many-body density of states is qualitatively distinguishable from the pure limit: Density modulation is pronounced in spatial space and forms puddle structures starting from W W * . The puddle-like structure provides a consistent microscopic condition for the forming of an intermediate phase stabilized by correlated disorder.
Based on the appearance of additional critical strength W * in the variance of the wave function fidelity and puddle formation approximately within W W * , we identify a possible intermediate phase stabilized by correlated disorder. At quantitative level, nonzero correlation length pushes the critical W c to larger value ( Fig. 1(d) ) leaving wider region for the intermediate phase, which again shows that the intermediate phase is favored by correlated disorder. All of these are consistent with the puddle picture for the disorder stabilized PH-Pfaffian state [34, [42] [43] [44] . Accordingly, we label an intermediate FQH phase in phase diagram ( Fig. 1(d) ).
Summary and Discussion.-We have presented a systematic numerical study of correlated disorder driven quantum phase transitions for ν = 5/2 fractional quantum Hall effect. First of all, the distribution of topological Chern numbers and corresponding Hall conductance fluctuations are ca- pable of directly probing the collapse of the fractional quantum Hall state, which also determines the quantum critical points for random disorder with different correlation lengths. Second, the phase transition is also signaled by the wave function fidelity and entanglement entropy. The critical disorder strength obtained from different methods is consistent with each other, validating the reliability of our numerical results. Third, in strong disorder regime, we identify a composite Fermi liquid as the ground state, rather than an Anderson insulator as realized at filling number ν = 1/3, demonstrating rich physics for strongly correlated disorder systems. Last but not least, our results imply a possible intermediate phase stabilized by correlated disorder potentials, as evidenced by fluctuations of wave function fidelity and the puddle-like structures in projected density of states. These results provide the essential step towards understanding the nature of the disorder stabilized 5/2 quantum Hall state in the half-filled first excited Landau level from a microscopic point of view. Furthermore, our work indeed opens up several directions for further exploration. For example, to connect with the previous studies on network models [42, 43] , it is important to identify the neutral chiral modes on the domain walls between randomly distributed puddles. In addition, diagnosis of quantum fluctuations via various quantities shown here provides a practical way to study quantum criticality for general disordered interacting fractionalized topological systems.
